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MG DAU

Da thiic c6 nhiéu ting dung trong cac linh vizc khac nhau ctia toan
hoc ciing nhu trong giai toan so cap. Luan vin tim hiéu mot sb6 tng
dung ctia da thic trong giai toan to hap.

Muc dich chinh thit nhat ctia luan van 1 nghién ctu vé da thic
quan cd (rook polynomial) va itng dung trong giai toan to hop. Ly thuyét
cac quan ¢ (Rook Theory) ma doi tugng ctia n6 la da thiic quan ¢ duge
nghién cttu dau tién bdi Kaplansky va Riordan vao nam 1946 ([10]), va
sau d6 1a cac mé rong ctia Goldman ([6], [7]) v6i su ting dung ctia nhiéu
phuong phap to hgp hién dai tit nhitng nam 1970. Trong nhing nam
gan day Haglund dat dugc nhiéu thanh cong trong viéc gan két da thiic
quan cd v6i nhiéu linh vuc khac nhu bai toan dém ma tran trén truong
hitu han, 1y thuyét biéu dién nhém. Ly thuyét cac quan ¢ cling ¢6 quan
hé gan giii v6i nhiéu tng dung trong 1y thuyét do thi, ngusi ta cing da
van dung da thiic quan co ciing véi co hoc lugng tit va dai s6 Weyl. Con
trong to hgp dém noéi rieng, da thitc quan cd lien quan dén hang loat
cac bai toan dém vé hoan vi, hoan vi v6i vi tri cam, hinh vuong Latin,
... Luan van trinh bay mot s6 tinh chat cia da thitc quan cd va van
dung vao tim hiéu mot s6 bai toan dém co ban, bai toan dém s6 hoan vi,
hoan vi cam (Derangement problem, Ménage problem), bai toan dém
lien quan dén hinh vuong Latin. Luan van trinh bay dinh nghia, mot
s6 tinh chat co ban v mot s6 ting dung ciia da thiic quan cd theo [13,
Chapter 2], [3] va [2]. Mot s6 tng dung va vi du tham khéo theo [11],
[12], [5] va [2].

Muc dich chinh thd hai tim hiéu mot sb ting dung khac ctua da
thiic trong giai toan t6 hop. Trong rat nhiéu ing dung luan van chon

tim hiéu tng dung trong bai toan dém khi khai trién liy thita da thc,



ing dung nghiém ciia da thic liéen quan dén bai toan pht bang cac o
vuong. Da thic la truong hop dic biét cua chudi liay thira hinh thic.
Luan van trinh bay khai trién chudi liy thita hinh thic ing dung trong
bai toan dém (Bai toan chia keo Euler). Bén canh viéc tong hgp mot s6
kién thic lién quan, luan van trinh bay tng dung qua hé théng cac vi
du dugce 1ay tir cac ky thi hoc sinh gioi clia cic nude, IMO, Bay Area
Math Circle, Olympic sinh vién, ....

Luan van dudc chia lam ba chuong. Chuong 1 trinh bay mot s6
kién thitc co s§ vé da thiic, chudi liiy thita hinh thic. Chuong 2 trinh
bay vé da thiic quan cd, cac tinh chat phd bién va tng dung trong mot
s6 bai toan to hop. Chuong 3 trinh bay mot sé tng dung khac cia da
thiic trong mot s6 bai toan dém, bai toan phil bang cac 6 vuong.

Trong sudt qué trinh lam luan van, toi nhan dude sy huéng dan
va gitup d6 tan tinh ctia TS. Tran Nguyén An. Toi xin duge bay t6 long
biét on sau sic dén thay.

To6i xin gt 161 cAm on chan thanh dén quy thay co giang day 16p
Cao hoc toan khoa 12 da truyen thu dén cho toi nhieu kién thic va kinh
nghiém nghién cttu khoa hoc.

T6i xin chan thanh cam on!

Thai Nguyén, thang 01 nam 2021

Dang Thi Quynh



Chuong 1

Kijén thitc chuan bi

Trong sudt chuong nay, luon gia thiét R mot vanh giao hoan co

don vi.
1.1. Pa thic va nghiém cta da thiic

Dinh nghia 1.1.1. Mot da thiic mot bién vdi hé sé trén R c6 thé dudc
viet dusi dang f(z) = a,2" + ap_12" 1 + ... + a1 + ag, trong do6
ao, . .., a, € R va z1a mot ki hieu goi 1 bién (hay bién khong zac dinh).
Ta ciing viét da thic nay dudi dang f(x) = iaixi hodc f(x) = a;2’,
trong d6 a; = 0 v6i moi ¢ > n. Hai da thﬁ’l(goz a;z' va Y bix' 1a bdng

nhau néu a; = b; véi moi 4.

Ki hieu la R[x] la tap cac da thiic mot bién z véi he s6 tren R.
Cho f(x) = apx™ + ap_ 12" 1+ ...+ a1z +ag € Rlz]. Ta goi ag 1a hé sb
tu do cia f(x). Néu a, # 0 thi n duge goi la bac ctia f(z) va duge ki
hieu 1a deg f(z). Trong truong hgp nay, a, dugc goi 1a hé s6 cao nhit
ctia f(z). Néu a, = 1 thi f(z) dugc goi la da thiic dang chudn (monic
polynomial). Ta khong dinh nghia bac cho da thitc 0. Néu f(z) =a € R
thi f(x) dugc goi 1a da thic hing. Céac da thic bac 1 duge goi 1a da thic

tuyén tinh.

Dinh nghia 1.1.2. V6i hai da thic f(z) = Y a2’ va g(z) = Y b



trong R[x], dinh nghia

f@)+g(x) = (a;+b)a'.
f(x)g(x) = Z cpz®, trong d6 ¢ = Z a;b; v6i moi k.
it+j=k
Khi d6 R[x] la vanh giao hoan v6i phép cong va nhan da thice. Vanh
R[x] dugc goi 1a vanh da thiic mot bién x vdi hé so trong R. Phan ti
khong ctia vanh 1a da thic 0, phan tit don vi 1a da thtec 1.

Dé dinh nghia da thitc nhiéu bién truéc hét ta dinh nghia don
thitc. M6i bo n s6 nguyén khong am i = (iy,- -+ ,i,) € N” cho ta mot
don thitc £ - - - x'» cia n bién zy, ..., x, v6i bac 1 iy + - - - +i,. Ching
ta thuong viét don thitc nay dusi dang x'.

Véi j = (ji,...,jn) € N, hai don thiic x' va xI 1a bing nhau néu
i =], tuc la i, = J; v6i moi k.

Mot tr 1a mot biéu thitc c6 dang ax' véi a € R (duge goi 1a hé so
clia tlr) va x!' 1a mot don thic dude goi 1a don thic cia t. Hai tit dudce
goi 1a dong dang néu hai don thic ctia ching bang nhau. Hai tit dudc
goi 1a bang nhau néu ching dong dang va c6 cliing hé sb.

Mot da thic 1a mot tong clia hitu han tit. Néu u = ax! va v = bx!

1 hai tit dong dang thi ta c6 thé uée luge tong cia ching:
u+v=(a+b)x"

Vi vay, bang cach uéc luge cac tir dong dang, mdi da thice f(xy, ..., z,)
c6 mot biéu dién chinh tdc
flxy, ... x,) = Zaixi
ieNn
thanh tong ciia cac tit doi mot khong dong dang, trong dé chi c¢é hitu
han tit khéac 0 (ttic 14 hé s6 clia tit khac 0), va bicu dién nay 14 duy nhét
néu khong ké dén thi tu cac hang ti. M6i tit khac 0 xuét hién trong

biéu dién chinh tic ciia da thitc dude goi 1a maot ti clia da thiic do.

4



Hai da thiic > a;x' va Y bix! 1a bing nhaunéu a; = by véi moii €
ieNn ieN”
N". Bac cia mot tt khéac 0 1a bac ctia don thiic ctia tit d6. Bac (hay bac

tong thé) ctia da thic f(x1,...,z,) # 0, ki hieu béi deg f(x1,...,1,),
1a s6 16n nhét trong cac bac ciia cac tit khac khong ctia f(xy, ..., z,).
Ta khong dinh nghia bac cho da thic 0. Da thic hang 1a da thitc 0 hodc
da thic bac 0. Cac da thitc bac 1 dudc goi 1a da thic tuyén tinh. Da
thiic thuan nhat bac m (hay mot dang bac m) 1a mot da thiic ma céc
tr khavs khong ctia né déu c6 bac m. Da thitc thuan nhat bac hai duogc
goi 1a dang toan phuong. V6i mdi k € {1,...,n}, bac theo bién . cia
mot da thic 13 s6 16n nhat trong cac s6 mii clia xj, xuat hién trong cac

tu cna da thice do.

Dinh nghia 1.1.3. Ki hiéu R[z1,...,z,] 1a tap cac da thiic n bién
T1,..., T, voi he sb trong R. V6i i,j € N, trong d6 i = (iy,...,4,) va

i= (j1,-.-,jn), ta dinh nghia
i+j= (1471 in+ Jn)

Khi d6 R[xy,...,x,] 1a mot vanh véi phép cong va phép nhan

Zaixi + Zbixi = Z(ai + bi)Xi;

ieNn ieNm ieN»

Zaixi Zbixi = chxk, Cx = Z a;b;.

ieNn ieNn keNn i+j=k

v6i moi da thitc > aixi, Y bix! € Rlxy,...,x,]. Vanh Rlzy, ..., 2]
ieNn ieNn

ducc goi 1a vanh da thitc n bién 1, ..., x, v6i hé sb trong R.

Nhan xét 1.1.4. Biang quy nap, vanh da thic n bién R[z1, ..., x,] v6i

hé s6 trong R chinh 1a vanh da thitc mot bién x,, véi hé s6 trong vanh

R[Il, . ;xn—l]-

Dinh nghia 1.1.5. Gid st R la vanh con ctia vanh S, va f(z) = a,x2" +
+++ 4 a1xr 4 ag 1a mot da thic trong R[x]. V6i moi phan tit o € S, ta
ki hieu f(a) = a,0" + -+ + a1+ ay € S. Phan tt @ € S duge goi
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1a nghiém cta f(x) néu f(a) = 0. Trong trudng hop nay ta ciing néi a
14 mot nghiém clia phuong trinh f(x) = 0 trén S. Tim cac nghiém cta
f(z) trén S duge goi 1a gidi phuong trinh da thic f(x) =0 trén S.
Dinh 1y 1.1.6 (Dinh ly Bézout). Cho R la mot mién nguyén va da thiic
f(x) € R[z],a € R. Diéu kién cin va di dé a la mot nghiem cia f(z)
la f(x) chia hét cho (x — ).

Dinh nghia 1.1.7 (Nghiém boi). Cho f(x) € R[z],a € R,k € Z, k >
1. Ta goi « 1a nghiém boi k ctia f(x) néu f(x) chia hét cho (z — a)F
)k—l—l

nhung khong chia hét cho (x — « nghia 1a:

f(z) = (z — a)¥g(x),Vx € R,
9(a) # 0.

Néu k = 1, ta goi a 1a nghiém don hay con goi nghiém, néu k = 2, ta
goi a la nghiém kép.
Bo dé 1.1.8. Cho f(x) € R[x]. Phin ti a € R la nghiém boi k ciia
f(x) néu va chi néu f(x) = (x — a)*g(x) vdi g(x) € R[z] va g(a) # 0.
Dinh 1y 1.1.9. Cho R la mot mién nguyén. Cho 0 # f(x) € R[z] va
ai, as, . ..,a, € R la cic nghiém phan biét cia f(x). Gid st a; la nghiém
boi k; cia f(x) vdii=1,2,...,r. Khi dé ta c6

fla) = (z—a)"(z—a»)™...(x —a,)"g(z)
trong do g(z) € R[z] va g(a;) # 0 vdi moii=1,...,r.
Heé qua 1.1.10. Cho R la mot mién nguyén va f(x) € R[x] la mot da
thiic khdc 0. Khi dé so nghiem cia f(x), moi nghiém tinh vdi s6 boi ciia
nd, khong vugt qud bac cia cia f(x).

1.2. Chuéi luay thira hinh thic

Dinh nghia 1.2.1. Mot chuoi lay thita hinh thitc trén R la mot biéu thiic

c6 dang a = a(x) Zaj:l:j sao cho gid st a(x Zajsc b(x
7=0



> bz’ 1a hai chudi lity thita hinh thiic thi a(z) = b(x) khi va chi khi
j=0
aj = b; v6i moi j. Tap cac chudi liy thita hinh thitc trén R ki hiéu la

Rl[z]].

Gia st a(x Z a]xj va b(x Z b; 27 13 hai chudi liy thita
7=0
hinh thitc bat ky. Ta dmh nghia phép toan cong, phép toan nhan trong

R][[z]] nhu sau:

Zajxj + Zb 2! = Z aj + bj)a’
7=0
oo J

Za]xj Zb a’) z Zakbj_k)asj.

7=0 k=0
Déi v6i phép nhan, R[[x]] ¢6 phan ti don vila 1(z) = 1+ Z 0.2/

ma ta s& don gidn ki hieu 1a 1. Ta cling d& kiém tra thiy rang R[[x]] lap
thanh mot vanh giao hoan c¢6 don vi 1 déi véi phép cong va phép nhan
trong R|[[x]].

Néu véi n € N, chudi liy thira hinh thic a(x) ¢6 a, # 0 va a; =0
cho nmoi J > n, thi a(z) chinh la da thic bac n va duge don gian viét
1a Z a;z’ hay ag + a;x + ... + a,z". Hon thé nita, néu a; = 0 cho mot

J=0
i ndo d6 ctia tap 0,1,2,...,n — 1, thi s6 hang a;z' ciing khong can viét;

con néu a; = 1 cho mot ¢ nao dé cia tap {0 1,2,...,n— 1}, thi a;z°
dugce don gidn viét 1a z°. Phan ti O(z Z 02/, ma ta don gian ki
hieu 1a 0, 1a phan ti# 0 cta R[[x]]. -

Ménh dé 1.2.2. Chudi a(z) € R][[x]] 14 kha nghich khi v& chi khi ag
kha nghich.

Ching minh. Gia st b(x Zb 27, Khi d6 a(x)b(x) = 1 khi v& chi
7=0



